This paper presents the control system design for a particular form of variable-reluctance spherical motors, referred to here as a spherical wheel motor (SWM). Unlike most of the existing spherical motors where focuses have been on the control of the three-DOF angular displacement, the SWM offers a means to control the orientation of a continuously rotating shaft. Specifically, we demonstrate an effective method to decouple the open-loop (OL) control of the spin rate from that of the inclination, leading to a practical OL system combining a switching (spin-rate) controller and a model-based inclination controller. The OL system presented here provides the fundamental control structure for the SWM. To account for unmodeled external torques, we extend the design to allow feedback with a PD controller and a high-gain observer. The effectiveness of the controllers has been investigated by comparing their performance numerically under the influence of an unknown external torque.
INTRODUCTION
Growing demands for miniature devices in modern industries involving natural products and/or bio-tissues have motivated the development of novel actuators for high-speed spindles and high-accuracy stages capable of precision orientation/torque control of the machine tool or work piece [1] . Existing multi-DOF manipulators [2] [3] generally use a combination of single-axis actuators to control their orientation. They also require an external force/torque sensor for applications (such as bio-medical surgery or cutting of highly deformable materials). Driven by stringent accuracy and tolerance requirements, various forms of micro-motion parallel mechanisms with three or more single-axis actuators were proposed. These multi-DOF mechanisms, however, are generally bulky, and lack of dexterity in negotiating the orientation of the cutter or work-piece. Ball-joint-like actuators (capable of three-DOF orientation in a single joint with built-in force/torque estimation) offer an attractive solution to eliminate motion singularities.
Most existing spherical motors have been developed on the operational principles similar to their single-axis counterparts; for example, DC, switched reluctance (SR), or PM stepper motors. However, closed-loop control systems for multi-DOF spherical motors are much more difficult to design due to their nonlinear rotor dynamics, complex magnetic fields, and challenging measurement problems. Nevertheless, controller design techniques for single-axis actuators can be extended to multi-DOF spherical motors, and are further explored here.
Recently, nonlinear control techniques for single-axis motors (such as nonlinear observer, feedback linearization, adaptive and robust control, etc.) have been studied by numerous researchers. By expanding the system and measurement functions about the current estimate state, Ueda et al. [4] applied a new nonlinear (or extended linear) observer that estimates the transient state of the power system to a smooth-rotor synchronous generator. Lawrence et al. [5] derived an identity state observer for a PM synchronous motor by reconstructing the electrical and mechanical states of the motor from the current and voltage measurements; their nonlinear observer (described in the rotor coordinate frame) estimates the stator currents, and the rotor velocity and position. High-gain observer techniques have recently been demonstrated to play an important role in the design of output feedback control of nonlinear systems. Dabroom et al. [6] proposed the digital control of nonlinear systems using highgain observers. They experimentally validated the closed-loop analysis and showed that the sampled-data controller recovers the performance of the continuous time controller as the sampling frequency and observer gain become sufficiently large. Zhu et al. [7] proposed a linearization-based controller with a nonlinear state observer which estimates the rotor position and speed, and demonstrated the stability of the closed-loop system, including the observer through the Lyapunov stability theory.
The remainder of this paper offers the following: 1. We present the mechanical structure of a multi-DOF SWM designed for manipulating the orientation of a continuously rotating shaft. Based on this design, we derive the torque model in closed form, which is essential for dynamics modeling and controller design of the motor. Figure 1 (a) shows the CAD model of a SWM consisting of 16 rotor PM's and 20 stator EM's equally spaced on four circular planes. As shown in Fig. 1(b) , the PM's and EM's are grouped in pairs and every two pole-pairs form a plane, and their magnetization axes pass radially through the center. The SWM structure has a well-balanced symmetry electro mechanically. The magnetization axes of the m r rotor PM pole pairs and m s stator EM pole-pairs are given by (1) and (2) respectively in their own body coordinate frames: T cos cos cos sin sin
MECHANICAL STRUCTURE AND DYNAMIC MODEL
where j= 1, 2… m s ; In (1) and (2), r φ and s φ are the angles between the magnetization axes and the XY plane defined in Fig. 1(b) . Unlike m s which may be odd or even, m r, is always an even number.
(a) CAD model [8] (b) Stator and rotor pole-pairs where B is the magnetic field; I is current through the conductor; and is the normalized vector of the current direction. In (3b), the current density vector J is directly used in the calculation and thus, it is not necessary to compute the magnetic flux generated by the current loop. Thus, the Lorenz force calculation involves only the B-fields of the permanent magnets. The magnetic field B of the rotor PM's can be computed by the DMP method [9] [10] , which gives the solution in closed form. However, the PM's rotates with respects to the stator EM's. To compute the force acting on the currentcarrying j th EM, the total magnetic field B is expressed in the j th EM coordinates cj x . Figure 2 shows the XYZ Euler angles (α, β, γ), which has no singularity in the domain of interest, for the coordinate transformation from the rotor r x to the stator s x . In the local coordinate system of the j th EM, the position of the i th PM is given by (4):
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; C and S represent cosine and sine respectively; and the subscripts of C and S denote their respective angles. Once the force acting on the j th EM is computed, the resultant torque for all EM's can be computed from (5):
where ( )
The torque vector (5) is orientation dependent and must be evaluated numerically from the volume integral in real time. To reduce the computation to a tractable form, we take advantages that the torque is linearly proportional to the current and hence apply the principle of superposition [8] [9] to compute the total magnetic torque acting on the rotor: ˆˆt
whereˆ( ) f ϕ curve-fits the torque between a PM pole-pair and an EM pole-pair in terms of the separation angle ϕ given by (7):
Equation of Motion
The equation of motion can be derived using the Lagrangian formulation in terms of the XYZ Euler angles (α, β, γ), which has the following form: 
and
In ( 
where [ ] 
which is linearized around the desired state for observer design: 
CONTROLLER DESIGN OF SWM
We illustrate three SWM controllers; OL, PD, and a highgain observer. The OL controller provides the fundamental design structure for the SWM and thus severs as a basis for the other two feedback controller designs.
A. Open-loop (OL) Controller
A model-based OL controller (that is designed to perform orientation control of a continuously spinning rotor as shown in Table 1 , where all the rows repeat after Table 1 specifies the polarities of the EM's for that sequence (or time step). 
Inclination controller
As illustrated in Fig, 1 , the rotor which is structurally symmetric and operated on the push-pull principle is open-loop stable. The rotor tends to be at the local minimum field energy states; these are local stable equilibrium positions to which the rotor would move from any perturbed position within the local boundary through the shortest path during the transient. The inclination control is designed about the local equilibrium (α=β=γ=0°). Given the desired orientation [α d β d ], the required torque at this state is computed at γ=0 from (12a):
The current to generate this torque is given by the inverse
Once the inclination and spin currents are computed from (11) and (12) respectively, the total current inputs can be determined from (10) . In order to express the inclination control law in closedform, we describe the inclination of a continuously spinning rotor using the ZYZ Euler angles ( , , α β γ ). In this representation, α is the rotation of the rotor shaft (or z axis) about the Z axis; β is the angle of inclination between the rotor shaft and the Z axis, and γ is the spin of the rotor shaft The inclination controller is designed as follows: 1. The magnitude of the spin current in (11) is normalized to unity, |u mj |=1, which maintains the spinning rotor atα=β=0. The required current vector to incline the rotor at other angle is given by (12). and is used only to obtain (14) in closed form for inclination control.
We decouple the

B. PD controller
PD controllers have been widely used to eliminate the effect of uncertainty and track the desired command for the control of electromagnetic actuators in a number of robotic areas. Figure  4 shows the classical PD controller with the nonlinear dynamics of the SWM. 
Stability of PD controller
The stability of the PD controller is analyzed using the Lyapunov candidate function [9] given in (16):
The time derivative of the Lyapunov function is
which can be shown to be
Along with (15), (16b) implies that the Lyapunov function is only zero at 2 0 x = . Therefore, the SWM with the PD controller is stable and converge to the desired state.
C. High gain observer with linear approximation
The interest to design a compact actuator with minimum hardware, an observer to estimate unmeasured outputs for a practical control design has been developed as shown in Fig. 5 . The observer has been based on a linear approximation around the desired (final) states for the nonlinear dynamics (9) . With the assumption that the rotor orientation can be measured by an assembly of Hall Effect sensors [10] , the forward torque model (6) can be computed in real-time. 
The dynamics of the estimated error ê x x = − is then given
In (18) and (19),
H H where (20) The separation principle allows us to design the controller and observer separately to guarantee the stability of the overall system. The stability of the PD controller has been shown in (16), and can be extended to include the high gain observer.
SIMULATION RESULTS
The effectiveness of the controllers for the SWM (Fig. 1 ) is illustrated by simulation. The parameters used in the simulation are detailed in Tables 2 and 3 . 
Spin motion
For the SWM (Fig.1 ψ =°suggests that max 5 n = different spin-speed levels can be designed for the OL control. The plan view showing the EM layout and he switching sequences for five different spin-speed levels ( 1, 2...5 n = ) are given in Table 4 , upon which the switching current can be intuitively derived as follows: 1. From the current polarity in Table 1 , the switching current vector γ u is obtained and shown in Fig. 6 , where the horizontal axis indicates S N (which is also the time step).
2. For a particular speed level n, the switching current has a period T which depends on the number of sequences S N and is given (in terms of sampling interval ∆t s ) in Table 4. 3. Each time step the rotor spins min n ψ ψ = degrees and the rotor requires 360 /ψ steps to complete one revolution. Thus, the spin rate (in rpm) directly depends on n and ∆t s . Table 5 shows an example for ∆t s =1 ms. The switching current can also be expressed mathematically (11) , where s ω and θ j are given in Table 5 (θ o =5°, ∆t s =1 ms). 
OL Inclination
The OL inclination controller (14) has been optimized minimizing (14a) using the MATLAB Optimization toolbox; the computed unknown parameters in (14b, c) are detailed in Tables 6 and 7 (Fig. 1b) when the 1 st pair of EM aligns with the PM. Due to the symmetrical structure designed to operate on the push-pull principle, it can be easily shown using (12b) that the currents to 6 th to 10 th EM's have the equal magnitude but opposite direction to that to 1 st to 5 th EM's. Similar arguments can be made for the pairs j=2,5 and j=3,4 as shown in Fig. 7 (f). Thus, the observer dynamics is faster than that of the controller. . The corresponding torque is given in Fig. 8(b) . This initializes the rotor which is then commanded to spin at the specified inclination. Figure 9 shows the simulation results at The maximum steady state error of the controllers is compared in Table 8 . As expected, the OL alone cannot compensate any unknown torque. The addition of a feedback loop successfully drives the rotor to the desired orientation, and attenuates oscillations. The error dynamics with a high gain observer converge to zero faster than the classical PD controller. 
CONCLUSIONS
We presented three controllers for a multi-DOF spherical actuator (SWM). The first is a model-based open-loop (OL) controller which serves as an essential basis for feedback control system designs. The OL control presented here offers an effective method to decouple the control of the spin rate from that of the inclination and thus allow the OL controller to consist of two independent parts; a switching (spin-rate) controller based on the principle of a stepper, and an inclination controller based on the inverse torque model. The OL controller shows the feasibility of operation without any disturbance. We further extend the design to allow feedback controller to be implemented. In this study, we simulate the closed loop controller for output tracking and disturbance rejection. 
NOMENCLATURE
Capitalized symbols Lowercase symbols [A]
Linearized system matrix i 
